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Abstract. A fake quadric is a smooth surface of general type with the same 
invariants as the quadric in P^, i.e. — 8, C2 — 4 and q — pg = 0. We study 
here quaternionic fake quadrics i.e. fake quadrics constructed arithmetically by 
using some quaternion algebras over real number fields. We provide examples 
of quaternionic fake quadrics X with a non-trivial automorphism group and 
compute the invariants of the minimal desingularisation of the quotient of X 
by this group. In that way we obtain minimal surfaces Z of general type 
with q — Pg — and = 4, 2 or 1 which contain the maximal number of 
disjoint ( — 2)-curves. We then prove that if a surface of general type has the 
same invariant as Z and same number of (— 2)-curves, then we can construct 
geometrically a surface of general type with cf =8, C2 = 4. 
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1. Introduction 

A fake quadric is a smooth minimal surface of general type with the same nu- 
merical invariants as the quadric X i.e. with Chern numbers — 8, C2 — 4 
and vanishing geometric genus pg = 0. Two classes of examples of such surfaces are 
known and these two classes are both quotients of H x H, where EI is the upper-half 
plane, by a cocompact torsion free lattice P C Aut{M x H). In other words, their 
universal cover is always EI x H. 

The first class of fake quadrics consists of surfaces X = T\M x EI such that the 
group r is reducible. By reducible we mean that there exists a subgroup of finite 
index F' = Fi x F2 of F such that the group Fj acts on EI and Cj = EI/Fj is a 
smooth algebraic curve. This case is now well understood and the full classification 
of these fake quadrics, called surfaces isogenous to a higher product, has been 
achieved in [3j by Bauer, Catanese and Grunewald. In practice, this classification 
and construction is done geometrically by classifying triples (Ci,C2,G) of two 
smooth curves Ci of general type and an automorphism group G, such that G 
acts freely on the surface Ci x C2 and the quotient (Ci x C2)/G has the asked 
invariants. 

In this paper we will focus on fake quadrics of the second class, that we call 
quaternionic fake quadrics. These fake quadrics are quotients of EI x EI by cocom- 
pact irreducible lattices F in Aut{M x EI). The lattice F is then arithmetic by 
a theorem of Margulis and is defined by an indefinite quaternion algebra over a 
totally real number field. 
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The first quaternionic fake quadrics have been constructed by Shavel |22j in 
1978. We know that these surfaces are rigid and thus that there are only a finite 
number of them, but at the moment we do not have a complete list of all these 
surfaces. We have a list of "classes" of fake quadrics defined by quaternion algebras 
over quadratic fields ([7j). 

The situation for quaternionic fake quadrics is very similar to the case of fake 
projective planes which are surfaces of general type with the same numerical in- 
variants as the projective plane. Fake projective planes are all quotients of the 2- 
dimensional complex unit ball by cocompact arithmetic lattices F C PU{2, 1). 
This provides an arithmetic construction of these surfaces, but it is generally not 
easy to handle and construct these surfaces geometrically, e.g. as a quotient or 
ramified cover of some known surfaces. 

In order to remedy at this situation, in |11| . |13) . |14| . Keum studied quotients 
Z of fake projective planes by groups of automorphisms. In this way, he obtained 
surfaces of general type with geometric genus pg = {) and was able to rebuild a 
fake projective plane by only knowing the properties of the quotient surface Z. 

The aim of this paper is to study automorphisms of quaternionic fake quadrics 
and the quotients of these surfaces by groups of automorphisms. Contrary to the 
case of fake projective planes, the classification of fake quaternionic quadrics is not 
fully established yet, thus we do not have a complete list of their automorphism 
groups. The computations in [7] leads us to the conjecture that the order of the 
automorphism group is less or equal 24 (see Section [4. 6p . 

The first main result we obtain is the following: 

Theorem A. Let X = F\EI x H 6e a quaternionic fake quadric. An automorphism 
of X has only finitely many fixed points. There exist fake quaternionic quadrics X 
with automorphism group isomorphic to 

Z/2Z, {Z/2Zf, {Z/2Zf, Be, ^lo, ©4 x Z/2Z or Bg x Z/2Z, 

where B„ is the dihedral group with order 2n. 

Note that the knowledge of surfaces of general type with pg = with a large 
automorphism group can be interesting to check wether the Bloch conjecture holds 
(see e.g. [10]). We then study the minimal desingularisation of the quotient of a 
quaternionic fake quadric by a group of automorphisms: 

Theorem B. Let X be a quaternionic fake quadric and G a finite group of auto- 
morphisms of X. The minimal desingularisation Z of the quotient X/G has the 
following numerical invariants: 



G 


ci{Z) 


C2{Z) 


Singularities on X/G 


Minimal 


<Z) 


Z/2Z 


4 


8 


4Ai 


yes 


2 


(Z/2Z)^ 


2 


10 


6A1 


yes 


2 


(Z/2Z)^ 


1 


11 


7Ai 


yes 


2 


Z/3Z 


2 


10 


2^3,1 + 2A2 




2 


B3 


1 


11 


AAi +A2 + ^3,1 




2 


Z/6Z 


-4 


16 


2.46,1 + 2^6,5 


no 




Z/IOZ 


-12 


24 


2^10,1 + 2Aio,9 


no 





Here, k indicates the Kodaira dimension of the surface Z . 
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We obtain also results and restrictions for the groups Z/4Z, Z/5Z and D5. We 
note that the surfaces general type we obtain have vanishing geometric genus. The 
classification of surfaces with pg = is not established and we intend to compute 
the fundamental groups of our examples in a forthcoming paper. 

A curve C on a surface is called nodal if C ~ and = —2. A nodal curve 
is the resolution of a nodal singularity. The surfaces Z we obtain as quotient of a 
fake quadric by an automorphism group (Z/2Z)", n G {1, 2, 3} have the maximum 
number of nodal curves (Miyaoka bound [18j). For the case cf(Z) = 1, (i.e. a 
numerical Godeaux surface) as far as we know, this is the first example of a surface 
containing the maximum number of (— 2)-curves. Interestingly, in |12) Remark 
4.10, Keum conjectured its existence as a quotient of a fake quadric. If minimal, the 
surfaces obtained by quotient by the groups Z/3Z and D3 have also the maximum 
number of quotient singularities. As Keum did with fake planes, we can reverse 
the construction: 

Proposition C. Let Z be a smooth minimal surface of general type with q = Pg = 
0. 

a) Suppose that cf = 4, 2 or 1, Pic{Z) has no 2-torsion, and that there is a 
birational map Z ^ Y onto a surface containing 8 — nodal singularities Ai. 
There exist a smooth minimal surface of general type S with invariants cf = 2c2 = 8 
and a (Z/2Z)™-cower S ^ Y ramified over the nodes, with m such that 2™ = 

b) Suppose that = 2, Pic{Z) has no S-torsion, and that there is a birational 
map Z ^ Y onto a surface with 2A^^i + 2A2 singularities. There exist a smooth 
surface S with invariants cf = 2c2 = 8 and a (Z/3Z) -cower Z — )• 1" ramified over 
the singularities ofY. 

The proof of part a) of this Proposition uses mainly the results of Dolgachev, 
Mendes Lopes, Pardini ([6j) and illustrates their theory. Note that [6] gives an 
example of a surface with cf = A,pg = and 4 nodal curves and such that the 
associated double cover is isogenous to a product. The proof of part b) of the 
above Proposition is more original because it mixes two types of singularities. 

The paper is structured as follows: we begin to recall the known facts on quater- 
nionic fake quadrics, and on quotients of surfaces. We then provide examples of 
fake quadrics having a large group of automorphisms, compute the quotients sur- 
faces and then reverse the construction on the opposite direction : starting with 
a surface with the same invariants as the quotient, we construct a surface with 
4 = 2c2 = 8. 

Acknowledgements. Part of this research was done during the second au- 
thor stay in Strasbourg University. We thank Margarida Mendes Lopes and Rita 
Pardini for useful discussions. 

2. Generalities on quaternionic fake quadrics 

Let us give a more detailed description of quaternionic fake quadrics. First, recall 
that a lattice F < PSL2(ffi) x PSL2(M) = AutH x AutH is irreducible if it is not 
commensurable with a product Fi xr2 of two discrete subgroups Fi, F2 C PSL2(M). 
Equivalently, the image of F under the projection onto one of the factors PSL2(M) 
is a dense subgroup of PSL2(M). By a famous result of Margulis, an irreducible 
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lattice r in PSL2(M) x PSL2(M) is an arithmetic group, and can therefore be 
described in the following way: 

There exists a totally real number field k of degree g = [k : Q] > 2 and a 
quaternion algebra B = (a,/?)^ := with = a G k,j'^ = f3 £ k,ij = 

—ji, over k such that 

(2.1) B(S)qR= ji bp ^ M2(R) X M2(M) x Hr x . . . x i^R . 

peHom{fc,IR) g_2 

Here, B'' = (a'',/3^)iR and = ( — 1, — 1)k denotes the skew field of Hamilton 
quaternions. Let Ok be the ring of integers of k and O a maximal order in B, i.e. 
a subring of B which is a full Ofc-lattice in B. Finally, let O^^^ be the subgroup of 
all elements in O of reduced norm one. 

The isomorphism (12. Ih induces an embedding of O^^^ into SL2(M) x SL2(M) by 
taking the element 7 G O^^^ to the pair {Y\Y^) ^ SL2(M) x SL2(M), where 
is the image of 7 in B^^. The group O^^^ then acts on H x H as a group of 
fractional linear transformations. Namely, if {z,w) £ H x H is a point and an 
element 7 G O^^^ is identified with two matrices 7^^ and 7^^ G SL2(M), then 

After dividing out by the ineffective kernel, one considers the group 

rj, = O^^Vlil} C PSL2(M) X PSL2(M) 

and it can be proven that P^ is an irreducible lattice in PSL2(M) x PSL2(M) (see 
[16]). In general we say that a subgroup P C PSL2(]R) x PSL2(M) is an arithmetic 
lattice if there exists k, B, pi, p2,0 as above such that P is commensurable with 
pi 

Let P be irreducible and '■= T\M x IH be the orbit space of the discontinuous 
action of P on EI x H. Then, there is a natural structure of compact algebraic 
surface on Xr and is smooth if and only if P is torsion free. The numerical 
invariants of a smooth X^ are computed in |16| . see also [22) . It follows that 
is a fake quadric if and only if C2{Xr) = 4 (see |22)). 

3. Generalities on quotients of a surface 

In this section we recall results from the theory of singularities and on the 
resolution of the quotient of a surface by a group. The main reference for these 
topics is j2j, see also [2l| . 

Let us denote by G an automorphism group acting on S, hy X = S/G the 
quotient surface and by tt : Z — )■ S/G the minimal desingularisation map. 

Proposition 3.1 (Topological Lefschetz formula). Let a he an automorphism act- 
ing on S and S" the fixed point set of a. We have 

j=4 

eiS^ = ^{-iyTr{a\H\S,Z)mt) 
3=0 

where H^{S,'Z)mt is the group H^{S,'Ij) modulo torsion. 
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Note that for a fake quadric S we have q = Pg = 0, thus 

H\S,ZU = {0}, H^{S,Z)^C = H\s,ns)- 

Corollary 3.2. Let S be a fake quadric and a an automorphism of order n > 1 
acting on S. We have e{S'^) = 2 or 4. If n is prime to 2 we have e{S^) = 4. 

Proof. For a fake quadric, the space H^{S,Qs) is 2-dimensional and is generated 
by the classes of 2 curves in the Neron-Severi group. As an automorphism preserves 
the canonical divisor, the invariant subspace of H^[S, Qs) is at least 1 dimensional. 
Therefore the trace of a on H^{S,Qs) is 2 or 0. If we suppose that this action is 
not trivial, then 2 divides the order of a. □ 

Let ^ be a primitive n*'^-root of unity. Let us recall that for 1 < q < n — 1 
coprime to n, the quotient of by the action of 

has a unique singularity, called a An^q singularity. For n, m > two numbers, we 
denote [n, m] = n — A An^q singularity is resolved by a chain of smooth rational 
curves Ci, . . . ,Cfc such that Cj cuts Ci±i for 2 < i < k — 1 and Cf = —Hi for 
integers Ui >2 determined by the relation: 

71 

- = [ni,[n2,...,K_i,nfc]]...]. 

q 

We denote classically An^n-i = ^n-i- 

Let 5 be a surface with Pg = q = and let a be an order n > 2 automorphism 
such that the fixed points of the , k = 1, . . . ,n — 1 are isolated. 

Proposition 3.3. (Holomorphic Lefschetz fixed point formula, [T] p. 567). Let 
S"^ be the fixed point set of a. Then 

£^^det{l -da\Ts,sy 
where das \ Ts^s denotes the action of a on the tangent space Ts^s- 

Suppose moreover that the automorphism a has prime order p. Let ^ be a 
primitive p*''-root of unity. Let rj be the number of isolated fixed points of a 
whose image in S/a are Ap^i singularities. 

Proposition 3.4. (Zhang's formula, [27\ Lemma 1.6). We have: 

i=p~l 

^ riOiip) = 1 
i=l 

where 

-, i=p-i 1 

ai{p) 



In particular, we have : 

ai{p) = ^-^^ a2(p) = -^J^' «3(5) = ^, a4(5) = ^. 
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Let 1 < i < p and 1 < k < p he such that ik = Imodp. As Ap^i = Ap^^, 
the notations for rj and in Zhang's Lemma can be confusing. However, as 
ai{p) = ak{p), there should be no trouble in taking the convention that rj + is 
the total number of Ap^i = Ap j. singularities, rather that choosing a representative 
i ox k for every such pair {i,k). 

Let us recall that an automorphism of a vector space is called a reflection if all 
its eigenvalues but one are equal to 1. Let 5 be a surface and G an automorphism 
group acting on S. Suppose that for every automorphism of G the fixed point set 
is finite. Let s be a fixed point of G; recall (see [2j): 

Lemma 3.5. The action of the group G on the tangent space Ts^s is faithful and 
has no reflection. 

In particular, if G is cyclic of order n, the singularity type of the image of the 
fixed point s in the quotient S/G is always a A^^q with q prime to n. 

Lemma 3.6. The Euler number of S/G is given by the formula 
e{S/G) = -^{e{S) + ^^(n - l)e(5„)), 

' ' n>2 

where Sn = {s £ S/\Stab{G, s)\ = n}. The Euler number of the minimal resolution 
Z is the sum of e{S/G) and the number of irreducible components of the exceptional 
curves of the resolution -k : Z ^ S/G. 

Let Ci, . . . , Cfc be the irreducible components of the one dimensional fibers of 
vr : Z — 7- X = S/G. We have the relations Kz = tt*Kx — Yll=i ^i^i, for rational 
numbers ai such that KzCk = —2 — C| and GkTT*Kx = 0. 

Moreover : = where |G| is the order of G. As Ks ample, the canonical 
Q-divisor Kx is ample and Tr*Kx is nef. We remark also that < K^. 

Lemma 3.7. Let S be a surface with q = Pg = 0. The minimal resolution of the 
quotient of S by a group G has always q = Pg = 0. 

Let us now specialize to surfaces X-p = M x M/T where L is a cocompact and 
irreducible torsion- free lattice. Let /irlHxIHI— T-HxEIbe the involution exchanging 
the two factors. The group Aut(]HI x H) is the semi-direct product of AutH x AutH 
by the group generated by fi. Let T < AutH x AutH be a cocompact torsion-free 
lattice and Xp = r\H x H, then, since H x H is the universal covering of X-p, every 
automorphism a of Xp lifts to an automorphism a of H x H. If o" is in AutH x AutH 
it obviously normalizes T. Therefore, the factor preserving automorphism group 
of Xp is NF/T, where NT is the normalizer of F in AutH x AutH. Altogether, 
every automorphism is either represented by a coset 7r with 7 G NT or is of type 
(7r) o fx. The following result is a key for our computations: 

Theorem 3.8. An automorphism a of Xp has only finitely many fixed points or a 
is an involution whose fixed point set is purely one- dimensional. The latter never 
happens for a quaternionic fake quadric. 

Proof. Suppose that 7 is in the subgroup AutH x AutH. Then, as explained 
above, a can be represented by a coset 7r with 7 G NT, where NT is the nor- 
malizer of r in G. It is sufficient to show that 7 as a mapping H x H — > H x H 
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has only finitely many fixed points in IHI x H modulo the action of T. Assume 
that 'y{z,w) = {'~f'^^z,'yP^w) = {z,w). Then 7 is an elliptic transformation, i.e. 
4det(7) — Tr(7''*)^ > for i = 1,2. The reason is the following: if {z, w) is a fixed 
point, then in particular z is a fixed point of 7^*^ and w is a fixed point of 7^*2. 
The only automorphisms of H with fixed points in EI are elliptic transformations. 
Then, by definition 7 is elliptic. 

Every non-trivial elliptic transformation of IH has a unique fixed point in H 
(the eigenvalue of the matrix which has the positive imaginary part). Moreover, 
because F is irreducible, 7''^ is non-trivial if and only if 7^'^ is non trivial (observe 
here that if T were not irreducible, there can be automorphism of the form (71, 1) 
that has non-isolated fixed point). 

Let thus (z, w) be the unique fixed point of 7 in H x H. The A^F-orbit of (z, w) 
is discrete in H x H, therefore there is only one representative of {z, w) modulo the 
action of NT. Now, NT is a finite index extension of F, therefore there are only 
finitely many representatives of {z, w) modulo F. 

Let us now suppose that the automorphism a is represented by 7^ G Aut(EIxEI). 
Then (7//)^ = (^Pi^a^ ^P2yi) an element of AutH x AutH that acts on the 
surface. Suppose that a has an infinite number of fixed points, then o"^ must be 
the identity and jP'^'jP^ must be in F. A fixed point {z,w) satisfy: 

{Y^w,'yf"'z) = X{z,w) 

for a A £ F. Up to the change of 7 by A~^7, we can suppose that A = 1, thus 
yj = 'jP'^z and 'jP^jP^ = 1 because ^p^^P'^ is in F that is torsion free. Reciprocally, 
let be i G H ; as 7^i7^'2 = 1 the point {t,Y^t) satisfy 

Therefore there is no isolated fixed points for a. 

Assume now that is a quaternionic fake quadric. The fixed locus C of cr is a 
smooth curve. The topological Lefschetz formula (see Corollary 13. 2p implies that 
the genus of the irreducible components of C is negative, thus the automorphism 
has only a finite number of fixed points. □ 

4. Quaternionic fake quadrics with non-trivial automorphism 

GROUPS. 

As already mentioned, a series of examples of quaternionic fake quadrics has 
been constructed by L Shavel in [22] (see also [23]). There, the author concentrates 
on arithmetic lattices F D F^ which are defined by quaternion algebras over real 
quadratic fields of class number one. More recently, in [7], more examples of 
quaternionic quadrics associated with quaternion algebras over quadratic fields 
have been found. In this section we will list all known examples of quaternionic 
fake quadrics together with their automorphism groups. We refer the reader to 
|26) for generalities on quaternion algebras. 

Let us first make a few general observations, before we discuss the examples in 
detail. For technical reasons it is more practical to consider the group PGL^(]R) x 
PGL+(M), where PGL+(M) = GL+(M)/M* and GL+(M) is the group of ah 2 x 2 
matrices with positive determinant, instead of PSL2(M) x PSL2(M). We identify 
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PGL^(M) xPGL^(M) with the group AutH x AutH of holomorphic automorphisms 
which preserve the two factors. 

In point of view of Theorem 13.81 it is more interesting to consider the auto- 
morphism subgroups G < NT /T =: Aut(Xr) of factor preserving automorphisms, 
which we wih do in the fohowing. Since fake quadrics X-p have relatively small co- 
volume, they tend to be large groups and therefore the order |Aut(Xr)| = |A^r/r| 
is not too big. The normalizers NT will be maximal lattices and all such lattices 
can be described arithmetically as follows (see [5j). 

If X-p is a quaternionic fake quadric, there is an associated tuple (k, pi, p2, B, O) as 
described in Section [2j The quaternion algebra B is for fixed pi , p2 uniquely deter- 
mined (up to isomorphism) by the reduced discriminant ds = vi - . . .-Vr, the formal 
product over finite places Vi of k where B is ramified, i.e. B (8"^ k^- ^ M2(fc^-), 
hence (k, pi, p2, B,0) = (k, pi, p2,dB,0). In the following we will often abbre- 
viate such a datum which determines the quaternion algebra B with B(k,dB) or 
B(k, vi . . . Vr)- Let us fix such a datum B{k, vi . . . Vr) and let B~^ be the group of 
all X E B* such that the reduced norm Nrd(x) is totally positive. It is known that 

(4.1) NT+ = {x£B+ \ xOx-^ = 0]/k* 

is a maximal lattice. Obviously NTq contains and it is known that is 
normal in NT~^ with NT~^/T^ = (Z/2Z)' an elementary abelian 2-group with 
I > r and r is the number of ramified places in B (see [7J and references therein). 
It follows that a quaternionic fake quadric Xr with T 5 T^ will have an elementary 
abelian 2-group as the automorphism group Aut(Xr). All Shavel's examples will 
provide such automorphism groups. 

4.1. A fake quadric with automorphism group Z/2Z. There are examples 
of quaternionic fake quadrics X-p whose automorphism group is Z/2Z and, as 
mentioned, they already appear in [22]. 

For example, let k = Q(\/2) and let B = B{k,p^p7) be the (unique) quaternion 
algebra over k which is ramified exactly at the two finite primes p3 and pj of k lying 
over the rational primes 3 and 7 respectively. Since k has the class number one, 
there is the unique (up to conjugation) maximal order O in B. Consider the group 
F^. By [22j, Proposition 4.7, A^rJ, smooth. By the already mentioned general 
result of Matsushima and Shimura |16| . g(Api^) = 0. The Euler number C2(Api^) 
is computed via the volume formula of Shimizu (see (22], Theorem 3.1). Since the 
prime 3 is inert and 7 is decomposed in k, this formula gives C2(Api^) = 8. The 

normalizer of F^ is AF^ and by |22l| , Proposition 1.3 and 1.4 we have 

Aut(Ari^) ^ L1/L2 = ([Ps], [P7]) = (Z/2Z)2, 

where Li is the group of principal fractional ideals of type (p3)(p7)I^ (/ a principal 
ideal in k) for which one can find a totally positive generator and L2 consists of all 
principal ideals of type (a^) with a G k (See also [24j . 3.12). Let Fpg be the kernel 
of the canonical homomorphism 

AF+^Li/L2^([P7]). 

By Shavel's criterion (see [22] , Theorem 4.11) Fpg is torsion free and as [Fpg : F^] = 
2, is a fake quadric with Aut(Arp ) = Z/2Z. 
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4.2. A fake quadric with automorphism group {Z/2Z)^. Consider again 
k = Q(-v/2) and now the quaternion algebra B = B{k, P2P5) over k which is 
ramified exactly at the two finite places p2 and P5. Again there is the unique 
maximal order O in B and as in the previous example, Shavel's results show that 
Api^ is smooth. The prime 2 is ramified and 5 is inert in k and therefore Shimizu's 
volume formula gives C2(Api^) = 4. Hence Api^ is a fake quadric. With the same 
arguments as in the previous example Aut(Api^) is isomorphic to (Z/2Z)^. 

4.3. A fake quadric w^ith automorphism group Biq. Consider k = Q(\/5) 
and the quaternion algebra B = B{k, P2P5) over k which is ramified exactly at 
the primes p2 and P5. In this case the group Tq, where O is again a maximal 
order in B, contains torsion elements of order 5 and no other torsions (see |22| . 
Proposition 4.7 and Theorem 4.8) 0- Volume formula of Shimizu gives in this case 
C2(^pi^) =4/5. Let us now give a torsion- free subgroup T < Tq of index 5. The 
corresponding surface X-p will be a fake quadric. Since p2 is ramified in B, there 
is a prime ideal 112 in O lying over p2 and satisfying n| = p2- Let 

r = T}y{U2) = {x e I X = 1 mod U2}. 

r 0(112) is a normal subgroup in and the index can be computed via the lo- 
calization of S at p2. Namely, observe first that T^/T 0(112) is isomorphic to the 
factor group 0^/0^(112), where 

0^(n2) = {x£0^ \x = l mod n2}. 

This is because —1 is in 0^(Il2)- By the strong approximation property, the latter 
factor group is isomorphic to B^^/B^^(I[2) where B^^ is the norm-1 group of the 
local algebra Bp^ = B 0k kp^ and B^^(I[2) is its first congruence subgroup. Let 
Op2 be the maximal order in Bp^ , i.e. Op^ = O '^kp^ ■. where Ok^^ is the ring of 
integers in kp^ . Its maximal ideal is the topological closure of 112 and by abuse of 
notation we will write 112 to denote also this maximal ideal. Note that B^^ = Op^ . 
We use a theorem of C. Riehm (see |20j . Theorem 7) by which 

BlJBl^(n2) = ker((Opjn2)* ^ (Ofcp^/Ps)*) = ker(F^6 ^ F^) - Z/5Z 

(Note here that the norm map induces a surjective homomorphism of multiplicative 
groups). Since Tq(I12) is embedded in Bp2(Il2)/ ±1 and the latter group is a pro-2- 
group (again by [20j) it can not contain elements of order 5. Therefore, T0(Il2) is 
a torsion- free group and ^ri,(n2) ^ ^^^^ quadric. Obviously, Xpi^^pj^-j contains an 
automorphism of order 5 coming from the 5-torsion in Fq. In order to determine 
the full automorphism group Aui(XYi^(^ii^^) we first need to find the normalizer of 

r^(n2). It is not difficult to see that rQ(Il2) is a normal subgroup in NV^ which 
is maximal, hence the normalizer Aut(Xpi^(p[^-)) is a part of the exact sequence 

(4.2) 1 T'a/^a(n2) iVr+/ri,(n2) NT^/T'a 1 

^ Note that the symbol ^-^ in Theorem 4.8 of |22) for p — 2 should be read as the Kronecker 
symbol, i.e. (|) = 1 <^ cZ = ±1 mod 8 and = -1 d = ±3 mod 8. 
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Here, r^/r^(n2) = TLjhJj is generated by the class of a primitive fifth root of 
unity ^5. This can be seen locally: 
We have the isomorphism 

VllV\,[Xl^) - BlJB\^{^^) - ker((Op,/n2)* (o^J^^*) = ker(F^6 ¥l). 

From the general theory we have the identification 0132/112 = OLf,^/p2, where 
-Lp2 denotes the unique unramified quadratic extension of kp^ = Q2(\/5). By the 
general theory of cyclotomic fields, kp^{(,5) = Lp^ and since Gal{Lp^/kp^) = (^5 i-)- 
^5^): ^5 generates the kernel 

ker((Oip2/P2)* iOkpJp2r)- 
On the other hand NV^/F^ = Z/2Z x Z/2Z can be represented by the classes 

modulo k* of elements a = \J — and (3 = \J —{^ + \/5)- This follows from the 
general description of A^^F^/F^ (see [22]). In order to determine the automorphism 
group, by the above exact sequence, we need to determine the action of NT^/T^ 
by conjugation on ^5. We do this locally: First we know that Lp^ = kp^{^^) is the 
unramified quadratic extension of kp2 , hence we can write 

Bp2 — Lp2 n2-C/p2) 

i.e. Lp2 is the splitting field of Bp.^. From this representation it is clear that 
an element A £ B^^ will commute with ^5 if and only if A G Lp^. Looking at 
^ = a as above, we see that Kp2{a)/kp2 is unramified, hence Lp2 = A;p2(a) and 
a commutes with ^5. On the other hand fcp2(/3)/A;p2 is ramified and therefore 
/3^5 / ^5/3. Altogether, we get 

Aut+(Xpi^(n2)) = (e5,a,/3 | = = = l,aP = Pa,a^, = = 
= {x,y\ = = l,yxy = x'^) 

Here, we set x = ^50 and y = f3. Note that the relation /3^5/3 = follows 
automatically from the fact that /3 induces an automorphism of order two on 
Z/5Z. Thus we proved: 

Proposition 4.1. With above notations we have 

Aut(Xri^(n2))=ID)io. 

4.4. A fake quadric with automorphism group (Z/2Z)^. We consider k = 
Q(\/5) and B = B{k, p2pii), the unique quaternion algebra ramified exactly at the 
primes p2 and pn. Since 2 is inert and 11 is decomposed in k, Shimizu's volume 
formula gives C2(Xpi^) = 3^(4 — 1)(11 — 1) = 2 as the value of the second Chern 
number of the quotient Xj^i^, where again F^ is the norm-1 group of a maximal 
order in i?. As before, results of [22] show that F^ contains only torsion elements 
of order 2 and no other torsions (Here, observe that 2 is split in Q(\/ —15), hence 
there is no element of order 3 in F^, and note that there is no element of order 5 
because 11 = 1 mod 5 which implies that pn is split in A;(^5) ). Since pn is ramified 
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in B, there is the unique prime ideal XIn in O such that 11^^ = pn. Consider the 
principal congruence subgroup 

r^(nii) = {xer}j\x = i mod nn}. 

It is a normal subgroup in F^. The quotient r^/r^(nii) is isomorphic to O^/ it 
0^(1111) because — 1 ^ ©^(XIn). In order to compute the latter quotient we change 
over to the localization at the prime pn. Let 

Spn = B(S)k kp,, =B^fc Qu- 
it is the unique division quaternion algebra over Qu- Let us write Oj,^^ = O^c'j.Zn 
for its maximal order. As in the previous example we will abuse the notation and 
write IIii to denote the prime ideal of Op^^. We have 

0'/OHnn) = BlJBlJUu). 
Note that B^^^ = 0^^^. By C. Riehm's resuh, [20], Theorem 7, 

BlJBl^iUn) = ker((Op,,/nn)* ^ (Ofc,,, /Pii)*) = ker(F*i2i r^). 

Since F121 = ^11(^12), where ^12 denotes a primitive twelfth root of unity we 
conclude that B^_^_^/ B^_^_^{Ilii) is isomorphic to H12 = {(,12)- Hence 

T^/ThiHn) = BlJ ± i?;,,(nn) = /^e = (Ce). 

Let us now define an intermediate group 

r = {x G I X mod Hn G {il) C ^e}- 

r < is a subgroup of index 2, hence C2(^r) = 4. Moreover, F is torsion-free 
since it can not contain elements of order 2. For if an order- two element x is in F, 
then its image x mod Ftn in F^/Fj^(nii) lies in a cyclic group (^g) of order three, 
hence it must be the identity. But this means that x is in V]j{Iiii). On the other 
hand F^(nii) is torsion-free because it embeds in a pro-11 group i3p^^(nii)/ it 1. 
This contradicts the assumption on x. All this shows that Xr is a fake quadric. 

Proposition 4.2. Let NTq he defined as in jj-^^ - Then NT^ is the normaliser 
o/F and Aut(Xr) = A^F+/F is isomorphic to {Z/2Zf. 

Proof. From the definition of F it is clear that F is normal in F^. On the other 
hand, for the same reason as in the previous example, F0(nii) as well as F^ is 
normal subgroup in A^F^. This already implies that F is normal in NTq because 
any conjugate of F will be a subgroup between F^(nii) and F^ of index 2 in F^. 
There is only one such group, namely F, since Fj,/F^(nii) ^ Z/6Z. Similar exact 
sequence as (j4.2p now shows that A^F+/F is isomorphic to Z/2Z x (Z/2Z x Z/2Z) 
but this product is a direct product (Z/2Z has no non-trivial automorphisms), 
hence Aut(Xr) = (Z/2Z)3. □ 

4.5. A fake quadric with an automorphism group Dg- This time we consider 
the quadratic field k = Q(\/2) and the quaternion algebra B = B{k,p2p3)- The 
norm-1 group F^ of a maximal order in B contains torsion elements of order 3, 
but no elements of order 2, because p3 is decomposed in k{-^ — !)• The second 
Chern number of the quotient Api^ is C2(Api^) = 1/6(9 — 1) = 4/3. Let Tq{I[2) 
be the principal congruence subgroup corresponding to the prime ideal 112 C O, 
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defined by the relation = P2O. Again by Riehm's theorem and with arguments 
as in Section [4.31 r^(n2) is torsion free normal subgroup in of index 3, hence 
Xpi (n^) is a fake quadric. Automorphism group Aut(Xp+^j-[^p is isomorphic to 
the factor group 

ivr+/r^(n2) = ^3 x (z/2Z x z/2Z). 

We need to describe the action of NTq/F^ on /is = (,^3). For this we choose the 

representatives a = \J —{'^ + \/2) and /3 = \/— 3 of NT^/T'q. Since a lies in /^(^s), 
a commutes with ,^3. On the other hand, p2 is ramified in k[f3) and therefore 
kp^{f3)/kp2 is a ramified extension whereas kp^(S^3) is unramified extension of kp^. 
For this reason, /3 does not commute with ^3 and therefore f3{modT^) acts on 
^o/^oO^"^) as /3^3/3 = the only non-trivial automorphism of Z/3Z. This 

gives a presentation 

Aut(Xpi^(n,)) = (C, a,(3\e = a^ = f3' = l,af3 = (3a, = (a, (3^ = fp) 

which may be seen as a presentation of the dihedral group Bg of order 12. 

Proposition 4.3. We have: Aut(Xpi^(p[2)) = Be- 

4.6. Z/4Z and Z/6Z automorphism groups. There are more examples of 
quaternionic fake quadrics with a non-trivial automorphism group. For instance, 
all examples in Shavel's paper have Z/2Z or Z/2Z as the full group of automor- 
phisms. As in previous examples one can show that the congruence subgroup 
r^(IlY) of a maximal order O in the quaternion algebra i?(Q(-v/2), p2) P7) [choos- 
ing the appropriate prime lying over 7] will produce a fake quadric with an au- 
tomorphism of order 4 (note that here TQ/TQ{I[f) = Z/4Z). The full automor- 
phism group in this case is Aut(Xpi^^p[^-)) = B4 x Z/2Z. Similarly, the princi- 
pal congruence subgroup F^(n2n3) of a maximal order O in -B(Q(\/3), p2) Ps) 
will produce a fake quadric -'^r 1,(112113) whose automorphism group contains Z/6Z 
(= Fq/T 0(112113)). The full automorphism group in this case is isomorphic to the 
product ©6 ^ Z/2Z of order 24, the largest known automorphism group of a fake 
quadric. In fact, to best of our knowledge, the listed automorphism groups and 
their subgroups are the all known finite groups which can appear as a group of 
automorphisms of a fake quadric. 

5. Computations of the quotient surfaces 

Let 5 be a quaternionic fake quadric, G a group of automorphisms of S, X = 
S/G the quotient surface and tt : Z ^ S/G the minimal desingularisation map. 

Lemma 5.1. If = 0, the surface Z has Kodaira dimension k > 1. If > 0, 
the surface Z has Kodaira dimension k = 2. 

Proof. (We follow the ideas from |13|). The quotient surface has q = Pg = and 
thus xi^z) = 1- Let m > 1 be an integer, then —rnKzir* K^/q = —mK'^^^ = 
- I^m < 0, therefore H^{Z, -mKz) = {0} for every m > 1. Let be m > 2, then 
by using Serre duality and Riemann-Roch: 

H\Z,mKz) = x{Oz) + + h\Z,mKz). 
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If > 0, then immediately, Z has general type. If = 0, the surface has 
h^{Z,2Kz) 7^ and cannot be rational by Castelnuovo criterion. Moreover, as 
X = 1 it cannot be a ruled surface. Suppose that Z is an Enriques surface. As 
Kl = 0, it is a minimal surface, but this is impossible because h^{Z,3Kz) 7^ ; 
therefore k > 0. □ 

Let us first study the case where G is generated by an involution a. 

Proposition 5.2. An involution a has 4 fixed points. The invariants of Z are : 

Kl = i,c2=8,q=pg = 0, h^'^ = 5. 

The surface Z is minimal of general type. 

Proof. By Lefschetz formula (Proposition 13. 3( ). 1 = Yls=a{s) 3' therefore a has 4 
fixed points. Their images in S/a are 4 Ai singularities, resolved by 4 (— 2)-curves 
on Z. The invariants of Z are easy to compute. 

The surface Z is of general type and is minimal because Kz is the pullback of 
the nef divisor Kx- D 

Proposition 5.3. Let be G = (Z/2Z)^. The quotient surface X = S/G contains 

6 Ai singularities. The surface Z is minimal of general type and has the invariants: 

Kl = 2, C2 = 10, q = pg = {). 

Proof. A faithful representation of G on a 2-dimensional space contains reflections, 
therefore by Lemma 13.51 there are no points fixed by the whole G. The group G 
contains 3 involutions. Each of these involutions has 4 isolated fixed points whose 
image in X are 2A\ singularities. Thus there are %Ai singularities on X = S/G 
and we have 

e(Z) = e{S/G) + 6 = ^(4 + 12) + 6 = 10. 

Moreover, Kz = iT*Kg/Q is nef and K'^^^ = K'^/A = 2. By Lemma 13.71 we have 
q=Pg = Q. □ 

Proposition 5.4. Let be G = (Z/2Z)^. The quotient surface X = S/G contains 

7 A\ singularities. The minimal resolution Z of X is minimal of general type with 

Kl = l, C2 = n,q=pg = 0. 

Proof. The 4 fixed points of an involution form an orbit under the action of G. The 
group G contains 7 involutions, and correspondingly there are 7 Ai singularities 
onX = S/G. We have 

e(Z) = 7 + e{S/G) = 7 + ^(4 + 7.4) = 11. 

o 

Moreover, Kz = 7r*Ks/G is nef and i^f = | = 1. □ 

Remark 5.5. The automorphism group of a fake quadric cannot contain G = 
(Z/2Z)^ because the involutive automorphisms of G create only Ai singularities 
and therefore the canonical divisor of the minimal resolution Z of X = S/G would 

satisfy K| = /C2^g = :^ = i. 
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Proposition 5.6. Let G = Z/4Z. The singularities of the quotient X are 2Ai^i + 
2^4,3 or Ai + 2^44^3 . The invariants of the resolution Z are 

Kl = 0, C2 = 12, g = = 

in the first case, and in the second case Z is minimal and satisfies 

Kl =2,C2 = W,q=Pg = 0. 

Proof. Let s be a fixed point of an order 4 automorphism a acting on S. As 
the involution cr^ has only isolated fix-points, the eigenvalues of a acting on Ts^s 
cannot be (i, —1) or (— i, —1) (see Lemma l3.5p . Let a,b,c be the number of fixed 
points such that the eigenvalues of a are and respectively. 

The Lefschetz holomorphic fixed point formula implies 

aba , , 

-TT + — + 7: = landa + 6 + c = 4or2, 
2i 2i 2 

thus there are two cases : 

1) a = b = 1 and c = 2. The singularities of S/G are 2^4^! + 2j44_3. 

2) a = 6 = and c = 2. In this case, the singularities of S/G are Ai + 2A4^3 
because cr^ has 4 fixed points. 

In the first case, a A^^i singularity is resolved by a (— 4)-curve C^. A ^4^3 
singularity is resolved by a chain of three (— 2)-curve and we have 



k=2 



k=l 



thus i^l = I - 2 = 0. Additionally, 



e(5/a) = ^(4 + (4-l)4)=4, 

thus C2{Z) = 4 + 8 = 12. The invariants in the second case are computed in a 
similar way. □ 

Proposition 5.7. Let he G = 'L/2>L. The singularities of quotient surface X are 
2A^^i + 2j43^2- The surface Z has general type and: 

Kl = 2,c2=10,q=pg = 0. 

Note that we do not know if Z is minimal in this case. 

Proof. We use the notations of Zhang's formula (Proposition I3.4p . In this case this 
formula gives ri + r2 = 4. A ^3^1 singularity is resolved by a (— 3)-curve and we 
have 

Therefore ri = 2 and r2 = 2. The singularities of X = S/a are 2^43^1 + 2^3.2- 
Moreover, as q = pg = 0, we have C2 = 10. Z is of general type by Lemma [5. 11 □ 

Proposition 5.8. There is no quaternionic fake quadric with G = (Z/3Z)^ C 
AutX. 
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Proof. Let 0"i, cr2 be the two generating elements of G. Let p be a fixed point of ai. 
Then as cJi and (T2 commute, a2P, o'2P are also fixed points of ai and there are one 
or four points fixed by the whole group. Let p be such a fixed point. Then there 
must be a faithful action of G on Ts^p- But such a faithful action has elements 
which have eigenvalue 1. This is impossible as an automorphism has only isolated 
fixed points. □ 

Proposition 5.9. If G = Z/6Z, then S/G has singularities 2Aq^i + 2^6,5. The 
minimal resolution Z has invariants: 

Kl = -4, C2 = 16, g = = 0, 

Proof. Let s be a fixed point of an order 6 automorphism a. Let a be a primi- 
tive third root of unity. By Lemma 13. 5| the action of a on Ts^s has eigenvalues 
(—a, (—a)") or (— a^, (— a^)") with a = lor 5. Let ri, r2 and be respectively the 
number of fixed points of a with eigenvalues {—a, —a), (— a^, —a^) and (—a, —a^). 
Lefschetz fixed point formula (Proposition 13. 3p implies the relation 

ri r2 

+ TT^ — ^ +'"3 = 1, 



(l + a)2 (l + a2)2 

therefore ri = r2 and —ri+r^ = 1. By Corollary 13.21 a has 2 or 4 fixed points. The 
only possibility for {ri,r^) is therefore (1,2). The singularities are 2^6,1 + '^■^Q,b 
and the minimal resolution Z of S/a has = | — 2.| = —4. Moreover e{Z) = 
1(4 + 5-4) + 2 + 2-5 = 16. □ 

Proposition 5.10. If G is the dihedral group D3, the quotient surface S/Bs has 
singularities AAi + ^3^2 + ^3,1- The minimal resolution Z is of general type and 
has the following invariants: 

Kl = 1, C2 = 11, q=Pg = 0. 

Proof. The group B3 is generated by a and r such that o"^ = = (cr)^ = 1. 
Every faithful 2 dimensional representation of B3 contains refiections, thus by 
Lemma 13.51 G = B3 has no fixed point on S. 

Let pi, . . . ,p4 be the fixed points of a. The fixed points of the involutions ar and 
(TT^ are respectively r'^Pi and rpi, i = 1 . . . 4. The fixed points of r are qi, q2 = crqi 
and ^3, 54 = aq^. By Proposition 15.71 the images of the qi in S/G are ^3^1 + ^3^2 
singularities. Let C be the (— 3)-curve on Z over the ^3^1-singularity. The images 
of the t'^Pi are 4 ^i-singularities. We have 

1 

-( 

3 

thus = I — ^ = 1. By Lemma [3^ we have 

e{S/G) = ^(4 + 2.4 + 1.12) =4, 
o 

and therefore C2(2') =4+1 + 2 + 4= 11. □ 

Proposition 5.11. Let he G = TLjfiL. The singularities of S/G are ^A^^2i or 
^5^1 + 2^45^2+^5,4 or 2^45^1 +2^45^4. The invariants of the surface Z are respectively: 

Kl = 0, C2 = 12, 
Kl = -1, C2 = 13, 
Kl = -2, C2 = 14, 



Kz = T^*Ks/G - 77^, 
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and in any case q = pg = 0. 

Remark 5.12. 1) In Proposition 15. 13] below, we give an example of a surface such 
that the quotient by an order 5 automorphism has 2A^^i + 2A5^4 singularities. 
2) For the same reasons as for (Z/3Z)^ (see Proposition I5.8p . there is no fake 
quadric X with {Z/5Z)^ C AutX. 

Proof. Using the notations of Proposition 13. 4p . the number of fixed points ri + 
r2 -\- -\- r4 equals 4. As e{S/a) = ^(4 + (5 — 1).4) = 4. Zhang's formula yields 

, ,111, 
(ai,...,a4) = (0> 4, 4> 2^ 

with 

4airj = r2 + rs + 2r4 = 4. 

Thus ri = r4. Therefore the possibilities for (ri, r2, ra, r4) are (0,z,j, 0) with 
i + j = 4, or (l,i,j, 1) with i+ j = 2 or (2,0,0,2). The singularities on the 
quotient are respectively: 

4^5,2, 
^5,1 + 2A,2 + A,4, 
2^5,1 + 2A4. 

A singularity A^^i {i = 1,..4) contributes (respectively) 

_9 _2 _2 

5' 5' 5' 

to K^. Thus the self-intersection number is 

i^| = i(8-9ri-2(r2+r3)), 
5 

and according to the possible tuples (ri, . . . , r/^) as above: = 0, = — 1 and 
= —2. As e{S/G) = 4, we get C2 = 12, 13 or 14 according to the three possible 
singular loci. 

Let us justify our computation of K^. A ^5^1-singularity is resolved by a (— 5)- 
curve C5, thus we have to add — to the canonical divisor. This contributes 
(— ICs)^ = — I to K^. On the other hand, a ^5^2-singularity is resolved by a chain 
of two curves (72,6*3 with C| = —k. We have to add — IC3 — |C2 to 7r*Kx, and 
the contribution to K'^ is 

Finally, note that = and that the A^ 4-singularity doesn't contribute to 
Kl ' ' ' □ 

Proposition 5.13. Let S be a fake quadric with G = Z/IOZ C Aut(S'). The 
singularities of the quotient surface X = S/G are 2Aio,i + 2ylio,9. The resolution 
Z has the invariants: 

= -12, C2 = 24,g = p3 = 0. 
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Proof. Let a be an automorphism of order 10 acting on S. It has 2 or 4 fixed 
points. As the involution has 4 fixed points, it is easy to check that a cannot 
have 2 fixed points. Therefore, 

e{S/G) = ^{4 + {W-l)A)=4. 

Let 4 be a primitive S^'^-root of unity and p a fixed point. There exist a = a{p) and 
b = b{p) integers invertible mod 5 such that the action of a on Ts^p has eigenvalues 
(— ^''"). The Lefschetz holomorphic fixed point formula yields 



1 



y L 

(1 + £»)(] 



pgs-;(i+e)(i+e'') 



For 6 = 1,2, 3, 4, the sum c(6) = J2l=i (i+ga)(i_^gaj,) is equal to -4, 1, 1, 6, respec- 
tively. Recall again that v4io,3 = ^io,7- For k € {1,3,9}, let be the number of 
points in 5"^ giving a ^io,fc singularity. By summing the Lefschetz fixed point 

4 = — 4ri + r3 + Grg. 

Taking care of the relation ri + + rg = 4, we have the following possibilities for 
(ri,r3,r9): (0,4,0). (1,2,1) and (2,0,2). 

The resolution of a ^10.3-singularity is a chain of 3 curves (72,6*2, C4 with in- 
tersection numbers (-2) - (-2) - (-4). Wc have to add -5(6*2 + C2 + C4) to 
7r*Ks/G- Each singularity contributes (-^(62 + C2 + Q))^ = -| to K^. 
Similarly, the resolution of a ^10,1-singularity is (— 10)-curve Cio- A ^10,1-singularity 
decreases K^^^ by {^Ciof = • 

When the singularities of S/G are respectively 4ylio,3, ^10,1 + 2^io,3 + ^10,9 ^ind 
2Aio,i + 2Aio,9, we have: = ^ - ^ = -4, = ^ - f - 2.1 - = -8 
and ~ ~ ~ —12. The Euler number of Z is respectively 4 + 4 • 2 = 12, 
4-M-F2-2-|-9 = 18 and 4 2 -|- 2 • 9 = 24. Only the last case is possible because 
12 has to divide K| + e{Z). □ 

Proposition 5.14. Let S be a fake quadric with B5 C Aut(S'). The quotient 
surface by B5 has 4Ai + '2,A^^2 or 4Ai + A^^i + A^^^ as singularities. In the first 
case, the resolution Z has invariants 

^2 = 0, C2 = 12,g = pg = 

and is a surface of Kodaira dimension > 1. In the second case Z has the invariants 

K'^ = -1, C2 = 13,q = pg = 0. 

Note that we have an example of the second type. 

Proof. Let be a and r such that = = (crr)^ = 1 generating the group 

D5 acting on S. Suppose that s is a fixed point of D5, then ID5 acts faithfully on 
T5 An involution of a 2 dimensional faithful representation of D5 has eigenvalues 
(—1,1), but this is impossible because involutions have only isolated fix-points. 
The 4 fixed points of r are : qi, aqi, q2, crq2 and if pi, . . . ,p4 are the 4 fixed points 
of the involution a, the fixed points of the involution ar^ {k € {0, ...,4}) are 
T~^pi, . . . , T~^p4. The Euler number of S'/Bs is: 

eiS/B^) = ^(4 + (5 - 1).4 + (2 - 1).20) = 4. 
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The singularities are 4^41 + 2^45^2 or 4Ai + ^5^1 + ^45^4 and the Chern numbers are 
respectively cf = 0, C2 = 12 and = — 1,C2 = 13. □ 

6. Reconstruction of a surface knowing its quotient. 

In |18) . Miyaoka gives a bound on the number of disjoint (— 2)-curves on a 
minimal smooth surface Y. This implies in particular that if = 4, 2 or 1 and 
x{Oy) = 1, there are at most 4,6 and 7 such curves respectively. The surfaces we 
obtained as quotient of quaternionic fake quadrics reach that bound. For the cases 

= 2, 1 these surfaces seems to be the first known ones with this property. 

In [6] Dolgachev, Mendes Lopes, Pardini study rational surfaces with the max- 
imal number of (— 2)-curves. For that aim they use and developpe the theory of 
(Z/2Z)"-covers ramified over Ai singularities. Using their results, we obtain: 

Proposition 6.1. Let Y be a smooth minimal surface of general type with q = 
Pg = and 2Pic{Y) = 0. 

a) If ciiyY' = 4, C2{Y) = 8 and Y contains 4 disjoint {—2)-curves Ci, . . . ,0^, 
then there exist a double cover of Y ramified over the curves Ci. The minimal 
model of this covering has invariants cf = 2c2 = 8 and g < 1. 

b) If ci{Y)'^ = 2, C2{Y) = 10 and Y contains 6 disjoint {—2)-curves Ci, . . . ,Cq, 
then there exist a bi-double cover ofY ramified over the curves Cj. The minimal 
model of this covering has invariants cf = 2c2 = 8. 

a) //ci(y)^ = 1, C2{Y) = 11 and Y contains 7 disjoint {—2)-curves Ci, . . . ,Ci , 
then there exist a {1^/21)^ -cover of Y ramified over the curves Ci. The minimal 
model of this covering has invariants c\ = 2c2 = 8. 

Let F2 be the field with 2 elements. Let be Ci, . . . ,Ck be k (— 2)-curves on a 
smooth surface Y. Let 

'il^:¥2^ Pic{Y) (g) ¥2 

be the homomorphism sending v = {vi, . . . , Vk) to ^ WjCj. We say that the curve 
Cj appears in the kernel kerip if there is a vector v = (vi, . . . ,Vk) in ker-i/^ such 
that Vj = 1. For v is in kerip we denote by an element of Pic{Y) such that 
2Ly = sometimes identify elements of F2 to 0, 1 in Z). We have: 

Proposition 6.2. ([6\, Proposition 2.3). Suppose that 2Pic(Y) is zero. There 
exists a unique smoooth connected Galois cover n : Z ^ Y such that the Galois 
group of TT is G = om (ker -0, Gm); ihe branch locus of is the union of the Ci 
appearing in 'kerip and the surface Z obtained by contracting the { — \)-curves over 
the {—2)-curves in Y has invariants: 

Kl = 2^Kl C2{Z) = x{Oz) = 2''x(Oy) - k2^-\ <Z) = kIJ) 
where r = dim V . 

Proof. (Of Proposition [6Tj . We thus have to prove that for our surface Y , ker ip has 
the requied dimension and that all the curves appears in ker-^. For c^{Y) = 4, 2 
and 1, we have b2{Y) = h^'^{Y) = 6, 8 and 9 respectively. As we supposed 
that 2-P^c(y) = 0, the space Pic{Y) ® ¥2 is h^'"^ dimensional. As pg = 0, it 
has moreover a non-degenerate intersection pairing and therefore the dimension 

of a totaly isotropic space in Pic{Y) (g) F2 is at most = 3, 4, 4 dimensional 
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respectively. The image of ip is the totaly isotropic space generated by the curves 
Ci, therefore the dimension r of keiip is at least 1, 2 and 3 respectively. 
A smooth double cover of a surface with n nodes can exist only if n is divisible by 
4 (see [6]). Therefore the vectors v = {vi, . . . ,Vk) in 'keiip (of dimension < 7) have 
weight 4 i.e. the number of indices j such that Vj = 1 is 4. 

In case a), ker ■0 is one dimensional, generated by wi = (1, 1, 1, 1). For b) and c), 
as every vector in kertp has weight 4, by [4] Lemme 1, we have k > 2'^ — 1 and 
thus r < 2 and r < 3 respectively. Moreover, it is easy to check that in the case 
b), the space kerip is (up to permutation of the basis vectors) generated by wi = 
(1, 1, 1, 1, 0, 0) and W2 = (1, 1, 0, 0, 1, 1). In case c) [3| Lemme 1 implies that ker ■0 
is (up to permutation) generated by wi = (1, 0, 0, 1, 1, 0, 1), W2 = (0, 1, 0, 1, 0, 1, 1) 
and Ws = (0, 0, 1, 0, 1, 1, 1), thus every curve appears in ker ip. 
The surface is minimal because no surface with cf = 3c2 = 9 has an order 2 
automorphism. □ 

Let us give a bound on the irregularity: 

Lemma 6.3. Let Y be a surface of general type with X = 1 o,nd q = containing a 
2-divisible set of A{— 2) -curves. Let Y' he the double cover. Then qiY') < 1. 

Proof. As q(Y) = 0, the involution a on Y' given by the cover Y' ^ Y acts by 
multiplication by —1 on H^(Y' , Jly/). Therefore, a acts trivialy on f\^H^{Y' , Q.y')- 
As pg{Y) = 0, the map a'^H^{Y' ,VtY') ^ i?°(y', A^l^y,) must be 0. Let Y' 
Y" be the blow-down map of the 4( — l)-curves over the 4 nodal curves of Y . If 
q{Y") > 1, Castelnuovo-De Franchis Theorem implies that there is a fibration onto 
a curve B of genus q{Y"). By [28], we get that q{Y") < 2 and if q{Y") = 2, then 
Y" is an etale bundle of genus 2 fibers onto a genus 2 curve B and = 8. In 
that case, there is a commutative diagram 

Y" X 

i i 
B 

where where the vertical maps are genus 2 fibrations and X is the surface obtained 
by contracting the 4(— 2)-curves on Y. This diagram is obtained from i? — >• by 
taking base change and normalizing. Since Y" — t- X is unramified in codimension 

1, the 6 fibers of X — )• occurring at the 6 branch points of — )• P^ are double. 
Since X has only 4 singular points, X — )• P^ has at least two double fibers contained 
in the smooth locus of X, but a multiple fiber on a genus 2 fibration cannot exists 
(because of the adjunction formula). Thus q < 1. □ 

Let us now consider a smooth minimal surface of general type Z with = 

2, C2 = 10, q = Pg = such that there is a birational map onto a surface Y with 
singularities 2^43^1 + 2^3^2- 

Proposition 6.4. Suppose that 3Pic{Z) = 0. There exists a smooth triple cover 
XofY ramified precisely over the singularities ofY. The surface X is of general 
type and has invariants = 2c2 = 8. 

Proof. Let Di,D2 be the (— 3)-curves over the 2 singularities ^3^1 and let D^, . . . , Dq 
be the (—2) curves over the singularities ^3,21 with indices satisfying: = 
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D^Dq = 1. Let W ^ Y he the blow up at the intersection points of D-^^D^ and 
of D^jDq. Let Ci, . . . ,Cq be the strict transforms of the Di inW. Let 

V' : Fg*^ ^ PiciW)0¥3 = H^{W,¥s) 

be the homomorphism sending v = {vi, . . . ,Vk) to ^ ViCi. The image of ^ is a 
totally isotropic subspace in F3). As b2{W) = 10, this image is at most 5 

dimensional and therefore dimker-;/' > 1. Let he v = {vi, . . . ,vq) G ]ieiip, v ^ 0. 
We choose the representatives of F3 in {0,1,2}. There exist a unique invertible 
sheaf L such that 

3L = y^^VjCj. 

Let T be the triple cover of W ramified over the r curves Cj such that Vi 7^ 0. 
The surface T is smooth outside the curves Cj with Vi = 2. Let R be the minimal 
resolution of T and let / : i? — )• be the composite map. By [25{ . Propositions 
2.2, 4.1 and 4.3, the invariants of R are: 

Kr =num fiKw + ^S), C2{R) = Sc2{W) - 4r, x{Or) = SxiOw) - ^, 

where S is the sum of the r curves Cj such that Vi 7^ 0. Therefore r = 3 or 6 and 

Kl = 0, C2{R) = 36 - 4r, x{Ow) = 3 - ^- 

As there are at least 3 curves Cj in the branch locus, one of the curves C3, . . . , 
is in that branch locus. Say it is C3. Let E he the exceptional curve going through 
C3. As C3E = CiE = 1 and E^ViCi is divisible by 3, it forces C4 to be also in 
the branch locus and thus r = 6 (and dimker-;/' = 1). The inverse image of the 6 
(— 3)-curves are (— l)-curves. By the formula giving Kr, the inverse image of the 
two exceptional curves are (— 3)-curves meeting two (— l)-curves. We can therefore 
effectuate 8 blow-downs and we obtain a fake quadric. It has general type because 
Y has general type, it is minimal because the quotient of a fake plane by an order 
3 automorphism with 4 isolated fixed points has AA2 singularities. □ 

Remark 6.5. Let Z he a surface of general type with cf = 1, g = = 0. Suppose 
that there is a birational map onto a surface Y with singularities 4^1+^2+^3,1 and 
2Pic{Z) = 0. It is possible to prove that there exist a Z/2Z-cover of Z branched 
over the 4 nodal curves over the AAi vaY . If this cover has q = Pg = too and no 
3 torsion in Pic, then it is possible to construct a smooth surface of general type 
S with cf = 2c2 = 8 and a B3-cover S ^ Y branched over the singular points of 
Y. 
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